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Necessary conditions for the weak convergence of Fourier series in orthogonal
polynomials are given. It is shown that the partial sum operator associated with the
Jacobi series is of restricted weak type, but not of weak type, for the endpoints of
the mean convergence interval.  © 1990 Academic Press, Inc.

INTRODUCTION

Let do be a finite positive Borel measure on an-interval /< R such that
supp(dx) is an infinite set and let p,(dx) denote the corresponding
orthonormal polynomials. For fe L'(dx), S,f stands for the nth partial
sum of the orthogonal Fourier expansion of fin {p,(da)}>_,, that is,

n=0

n

SAfx)= T apelx), ag=aylf)=] fouds

k=0

The study of the convergence of S, fin L?(do) (p # 2) has been discussed
for several classes of orthogonal polynomials (c.f. Askey and Wainger [1],
Badkov [24], Muckenhoupt [11-13], Newman and Rudin [16], Pollard
[17-19], and Wing [24]). For instance, in the case of Jacobi polynomials
{P*H(x)}=_, which are orthogonal in [ — 1, 1] with respect to the weight
w(x)=(1—x)* (1+x)? a, = —1/2, Pollard proved that |1/p—1/2|<
min{1/(4a+4), 1/(4f +4)} is a sufficient condition for uniform bounded-
ness ||S,fl,»<Clf),.,, which is equivalent to convergence in L?(w),
1 < p < 0. Newman and Rudin showed that the previous condition is also
necessary and later Muckenhoupt extended these results to «, f> — 1.
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The aim of this paper is to examine the weak behaviour of the Fourier~
Jacobi expansion, that is, to study if there exists a constant C, independent
of n, y and f, such that

1
| W) dx<Cy [ ISP wix)dx,  y>0,
1SaLfs %) > ¥ -1
ie., if S, is uniformly bounded from L?(w) into L% (w), 1 < p< c0.

By using interpolation [22, Theorem 3.15, p. 197], the range of p’s for
which there exists convergence of S,f in L?(w) is always an interval,
named the mean convergence interval. Moreover, the previous weak
inequality only can be true, besides the mean convergence interval, in its
endpoints. Since for —1<o, f< —1/2, the condition [1/p—1/2|<
min{1/(4a+4), 1/(4B +4)} is trivial for p € (1, o0 ), we suppose, by symmetry,
o=fF and o> —1/2. Then the mean convergence interval is 4{c -+ 1)/
(2e+3)<p<4(a+1)/(2x+1). For the Fourier-Legendre expansion
(0 =f§=0) and p=4 Chanillo [5] proved that the partial sum operator is
not of weak type (4, 4), but is of restricted weak type (4, 4) (and (4/3, 4/3),
by duality), ie., it is weakly bounded on characteristic functions.

On the other hand, Maté, Nevai, and Totik [10] obtained, in a general
way, necessary conditions for the mean convergence of Fourier expansions.

THEOREM (MAaté—Nevai-Totik). Let dx be such that supp(da)=
[— 1 1], &' >0 almost everywhere, U and V nonnegative Borel measurable
Sfunctions such that neither of them vanishes almost everywhere in [ —1, 1]
and V is finite on a set with positive Lebesgue measure. If S,, is uniformly
bounded from L¥(V{(x)* da) into LP(U(x)? du), then

(i) U(x)?eL'(dn), V(x) “eL'(dn), g=p/(p—1)

ﬁﬂj:U@Vﬂw“WU—ﬁer<w

mnjlmmﬂwmhma—ﬁrwm<w

When dx and df = U(x)? do = V(x)” du are generalized Jacobi measures,
these conditions turn out to be sufficient too [2-4].

This paper is organized as follows. In Section 1 we obtain necessary con-
ditions for weak convergence. These allow us to prove that S, is not of
weak type (p, p) for p=4(a+ 1)/(2« + 3). From these conditions it follows
that (i), (ii), and (iil) are necessary not only for mean convergence but also
for weak convergence. We end this section by giving an example which
shows that they are not sufficient. In Section 2 we prove, by using similar
arguments to [5], that S, is not of weak type for p=4(a+1)/(2a+1).
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Finally, in Section 3, we obtain that the partial sum operator is of
restricted weak type (p, p) for both endpoints of the mean convergence
interval when o, > —1/2 and one of them is bigger than — 1/2.

SECTION 1

Assume supp(da)=[—1,1], «'>0 ae., and let {p,(x)}7, be the
corresponding orthonormal polynomials. C is used to denote positive
constants not necessarily the same in each occurrence and g = p/(p—1).
For fe L'(dx), let S, f denote the nth partial sum of the orthogonal Fourier
expansion of fin {p,(x)}>_,. We want to find necessary conditions for the
weak convergence of S,,.

LemMa 1. Let U and V be weights and let 1 < p < co. If there exists a
constant C such that for every fe L¥(V?da) the inequality

USaf W Lo (vrany S CUSN Logvrany (1L.1)
holds for all integers n=0, then

12all 2oy s Pl iy < C: (12)

Proof. Tt follows from (1.1) that
1@n(f) Pl Ly rany = 1S0S = Su— 1 S g urany < CUS N Locyramy
Thus,
(< CUPA g wran) ™" 1S T Lovrany

Therefore, every operator

P/ VP LP(VPdo) - R
1=([L wavnrsveas) =)

is bounded and, by duality, its norm as operator coincides with the norm
as function in LI(V?dx). Thus

2./ V7 Lavrdn) S C(lpal Lljk(UPda))—l
and (1.2) indeed holds.

In order to prove the main theorem, we will use the following result
established by Maté, Nevai, and Totik [10, Theorem 2].
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LemMmA 2. Let supp(de)=[—1,11, o'>0 ae in [—1,1], and
0 < p < oo. There exists a constant C such that if g is a Lebesgue-measurable

Sfunction in [ —1, 1], then

Ha,(x)*l/z (1 - xz)_lmll LP({gl? dx) < C hm inf Hpn“ LP(lg|Pdx)
In particular, if
ﬁnm golf I .l LP(1gl? dx} = 0
then g =0 ae.

THEOREM 1. Let dx, U, and V be as in Lemma 1. If there exisis a
constant C such that

“Snf” LA (UPda) < C”f” LP(VPda)

holds for all integers n =0 and every fe L*(VPdy), then

U», V-7e L'(dx) (13)
o (x) "2 (1 —x?) M4 e L2 (UPa'dx) (1.4)
a'(x) 712 (1 —x*) Ve LYV % dx). (1.5)

Proof. Taking n=01in Lemma 1 we obtain (1.3).
In order to prove (1.4) and (1.5), we use the result

x 1/r
Hf”u;(dm)gsup 17 Rl <Qu%r> i1 Lo (dm)>

e IR

where dm is a Borel measure, O0<r<p<oo, l/s=1/r—1/p, and the
supremum is taken over all measurable sets E such that O <m(E)< o [7,
Lemma V.2.8, p. 485]. From Lemma 2 and this inequality, it follows that

o/ (x) Y2 (1 —x2) "1 Lo (gran) < Clim glf 2. Lo (| gleax)-

Now, taking liminf, _,  in (1.2), we obtain
floe'(x)~ 2 (I- xz)_1/4” L3V —9a'dx) fla’(x) -z (I— xz) | LEAUPx dx) <C

As none of these norms can vanish, we get (1.4) and (1.5).

An easy consequence from Theorem 1 is
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COROLLARY 1. Ifda, U, and V are as in Lemma 1 and if S, is uniformly
bounded from LP(V(x)? da) into L% (U(x)? da) and from LU(U(x)™? du)
into Li(V(x)~? da), then we have

U(x)?eL\da),  V(x) 9eL\(da) (1.6)
jl V(x) 7o/ (x) "2 (1 =x*)""dx < 0o (1.7)
—1
j‘ U(x)? o/ (x)1 =72 (1 — x3)~7* dx < 0. (1.8)

Remark 1. Let S, denote the nth partial sum of the Fourier—Jacobi
expansion (¢'(x)=(1~x)*(1+x)?, o, = —1/2,a> —1/2) and U(x)=
V(x)=1. Because of (1.3) and (1.5) in Theorem 1 we obtain the conditions

|[A+1] |1/p—1/2] <(4+1)/2, A+1D)(1/p—1/2)< 1/4,

where 4 is « or B, the same in each statement. As the latter inequality is
not satisfied for p =4(a + 1)/(2x + 3), it implies that .S, is not of weak type
(p, p) for the lower endpoint of the interval of mean convergence. The same
happens with generalized Jacobi polynomials.

Remark 2. The conditions (1.6), (1.7), and (1.8) are the same as (i),
(ii), and (iii) in the Introduction. These are necessary conditions for the
boundedness of S, from L?(V(x)” dx) into LP(U(x)? da) or equivalently
from LY(U(x)~7da) into LY(V(x) 9 dw). This points out that the condi-
tions obtained by Maté, Nevai, and Totik are necessary not only for the
mean convergence but also for the weak convergence.

Remark 3. Let us prove that Maté-Nevai-Totik conditions are not
sufficient for weak convergence. Consider the Fourier-Legendre expansion

(da=dx), p=4, and take
o 1+x 1 1—x
8\ 2 %8\ T4
o 14+x ) 1—x
8\ 73 8\ 72

It is immediate that U and ¥ satisfy (1.6) in Corollary 1. In order to prove
the remaining conditions, (1.7) and (1.8), we will show that the weights U
and V satisfy even stronger ones, that is

~5/8 58

Ulx)=

3

—3/8 —3/8

Vix)=

(1—x2) U(x)*, (1 —x?)° V(x)*)e 4(—1,1) forsomed>1,  (19)
(1=x)"1 U, (1=x?) " Vx)) e do(— L, 1), (1.10)
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where A,(—1,1) stands for the Muckenhoupt A4, classes [9,14], ie
(u,v)ed,(—1,1), I<p<oo,if

fu(x)dx(f v(x)“l/“’”dx)p <C|*

for every interval I« [ — 1, 1], and |J] denotes the Lebesgue measure of the
interval I. The weight w belongs to A, if Mw{x)<Cw(x) ae., where M
denotes the Hardy-Littlewood function.

In order to prove (1.9), by using symmetry and change of variable, it
suffices to show that

(u, v) = (x° [log x| 2, x° |log x| ~3*) e A4(0, 1/2).

Let

w(x)=x [log x| "2 =x"12(x""[log x| 7*) 73 = w(x) wy(x) .

It is known that w, € A4; and it is not difficult to prove that w,e 4,. Thus,
we A, by using the factorization theorem for 4, weights [6]. Now, (1.9)
follows from [ 15, Theorem 2] and it implies that the Hilbert transform H
is bounded from L7?(v) into L”(u), which will be used later.

On the other hand, if u(x) = x ~'|log x|” and v(x) = x '|log x|?, it can be
shown that (u, v)e 4,(0,1/2) if and only if —b>1 and 5+ 1< B. Then
(1.10) follows obviously.

If p,(x) stands for the Legendre orthonormal polynomials, the partial
sum operator can be decomposed [17] as

pn(t pn+2([)

S50 =2 p0r ()| fir) d
(i) =) | 228 0 a
Bopri® | pei00) (L11)

where o, and §, are bounded and

(1=x)"[p () <C, (1=x) " p(x) = ppia(x) <C - (L12)

We now try to estimate the three summands of Eq. (1.11). We begin by
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estimating the last term using Holder’s inequality, the first part of (1.12),
and (1.10). We have

' 1 3/4
f tpn+1(t)f(t)| dth(J (1—1‘2)71/3 V(t)\4/3 dt)
1/4
<([ o viora)
=C L f V4
Therefore

1 4
Praa() [ paya(01(0) ] U(x)* di

1 1
<C[ (=2 U@ dx [ 170 VoIt de= VI

We now estimate the middle term using (1.9) and (1.12):

[ [prestor—puen [ 22100,

4

U(x)* dx

<C[ 1 f 21 (1) U d

<O 1S (L= 37) V) dr < VI,

Finally, we will prove that the first term is not weakly bounded. The proof
is by contradiction. Let us assume that there exists a constant C, indepen-
dent of n and fe L*(V*), such that

[ Ux)* dx < Cy~* I/ V113
|Pa 10 VH((Py— pr—2) . ) >y

Then it will be enough to construct a sequence of functions {f,(¢)} such
that the constant appearing in the above inequality grows with n. A slight
modification of the argument used by Chanillo proves that C = (log n)*>.
Therefore, the partial sum operator is not of weak type (4, 4).

SECTION 2

Let S, denote the nth partial sum of the Fourier-Jacobi expansion
with respect to w(x) = (1 — x)* (1 + x)#, with « > f and « > — 1/2. Then
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the interval of mean convergence is given by 4(o + 1)/(20 + 3) <
p<4(o+1)/(20+1). Theorem 1 works to prove that S, is not of weak
type on L?(w) for p=4(ax+ 1)/(2a+ 3), since (1.5) is not satisfied. But it is
not useful to show that S, is not of weak type for p=4(a+ 1)/(2a+ 1). It
leads us to make use of other arguments.

THEOREM 2. Let r=4(ot+1)/(200+ 1). Then there exists no constant C,
independent of n and fe L’ (w), such that

1S5S 200y < CUS N 2y (2.1)

Proof. In what follows assume supp(f) < {0, 1]. Let p,(x) denote the
orthonormal polynomials with respect to w(x) and ¢,(x) the orthonormal
polynomials with respect to w(x) (1 —x?). Moreover, if (2.1) is true,
the same happens if the left integral is only taken over the set
{x€(0, 1), |S,(f, x)| > y}. Then, we will suppose all integrals are restricted
by the condition x e (0, 1).

Pollard [18] proved that in

S0 =] f0) K 0 wie) de

the kernel K,(x, 1) can be decomposed in the form
K. (x,ty=r,T(n x,t)+5,T,(n,x, t)+s,T5(n x, t), (2.2}

where r, and s, are bounded and

Tl(na X, t)zpn(x)pn(t) (23}
.
Ty(n, %, 1) = (1 — 2y 28 =i l8) (24)
x—1
Ts(n, x, t)=T,(n, t, x)=(1 —xz)w. (2.5)
—x
As o= —1/2, from [23, p. 169], if xe [0, 1], we have the estimates
|pa(x0)] S C(1—x) =2 1%, (2.6)
|4,()] < C(1 — x) =2~ -, 2.7

Let
Wilfix)= Wil hx)=] SO Tmx 0w di (=1,23)
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We try to estimate the three terms

j w(x) dx (i=1,2,3).
IWi(f, ) >y

(i=1) By using (2.6) and Hélder’s inequality, we have
1
Wil )| = 1palx) |10 pufe) wlt) dil

<C(1—x)~ =1 ( [ e w(,)d,>l/p

1/q

1
x(j (1= 1) 5214 () dt)
0
= Cl(l _x)——oc/2—1/4 Hf”p,w
if g(—ao/2—1/4)+ o> — 1. Applying this to p=r we get

| w(x) dx < W(x) dx < Cyy I 1
[Wi(f ) >y (1 — %)~ YA=%2 > 3/(C| flir,w)

which shows that W, is weakly bounded.

(i=3) Let H denote the Hilbert transform. It is well known that H is
bounded from L?(u) into L?(u) if and only if the weight u belongs to 4,
[9]. By using (2.6) and (2.7), we get

[ 1w 017 i)

<C[ 1) p0) wio), x))7 (LX) Dr =2 dx (28)

Recalling that (1—x)4=2r+eeyg (0,1) iff —1<(l/4—af2)p+a<
p—1, [21], and it is verified for p=r; then (2.8) and (2.6) yield

1
J, 13017 w(x) d
<€ [ 1/60) ) W)l (1= )= g < 1,

and therefore W, is strongly bounded.



WEAK BEHAVIOUR OF SERIES 231

(i=2) We shall prove that there is no constant C, independent of n and
/, such that

w(x)dx< Cy™" || f1 (2.9)

j\mx) HOP) (1) (1= ) w(), )| > e
The proof is by contradiction, constructing a sequence of functions
{fimn(?)} such that the constant C appearing in the previous inequality
grows with m. In order to get it we try to remove the term (x — 7} ! in the
Hilbert transform. We need sharper forms of (2.6) and (2.7).

Because of [23, Theorem 821.13], if N=an+(x+f+1)/2 and
y= —{a+1/2) /2, we have

Pa(cos 0)=(2°"Fr) =12 (sin(6/2)) =~V (cos(6/2)) ~#~17
x [cos(NO+7y)+ (nsin 0) "1 O(1)],

where ¢/n <0< n—c¢/n, ¢ being a fixed positive number.

We will restrict our attention to 8 < n/2 and choose M large enough and
such that M —a/2 is a positive integer. If Mrn/n<O0<(M + 1/8)n/n, we
have

i i
No+y<(ns EEEN e )T
2 8/ n

W= o T
and

N9+y><n+a—4——lzg—ﬂ>—@—<a+l>z——-—>(M—Sn—%.
n

Hence, for every & > 0, there exists n, such that

o T ‘ o T
<M—§>TE~Z—8<N9+?<(M—‘2‘>7T——+3, nzng.

Therefore |cos (N8 + )l is bounded below by a positive constant for »
large enough, and the same happens to |cos(N6 +7)| — |(nsin )~ O(1)].
Then p,(cos 8) > C(sin(#/2)) ~*~ "2, and taking x = cos 6 we get

|‘pn(x)i > C(l _xz)—a/2—1/4> Cl(l _x)—a/2—1/4> Cznnz+1/2 (210)

for n=n, and x e [cos(M + 1/8) n/n, cos Mn/n]=1,.
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2M7r>
,m<n
m
and f,, ,(#)=0 elsewhere.

Now we are going to estimate the left side in (2.9). If xel, and
tesupp(f,, ,) then 0 <x—t<1—t With the aid of Lemma 2, there exists
a subsequence of »’s for which

[H(fu1) g0 1 (1) (1 =2+ (1 +2)PH, x))

ros(zm/m) Igu_ (D] (L—2)* T (14 1)F+1
. (l_t)a/2+1/4 (X—'t)

We define

sgng, () .
fm,n(t)zw if 0<[<COS<

dtf|=Clogm. (2.11)

Thus, this and (2.10) imply
|PuC TH (S n(2) @ 1(1) (L= 1) (T4 )P, x))
=>Cn**logm, xel,. (2.12)

On the other hand, it is easy to check that

J«cos(ZMn/m)

[ a0 (11 (1 41 de < (1=~ di<C, logm, (213)

0

Finally, assume (2.9). By using (2.13) it follows that

1
y " logn>Cy [ 1wl de

=C, wix)dx.  (2.14)

| n(x) Hfmn(1) gn—1(2) (1= 2) w(£), x)| >
Choose y=Cn**'"?logm. As |I,|=0(n"2), using (2.12) and (2.14) we
have
Cn—Z—Za(log m)—(2a+3)/(2a+1)

>Co [ (1= (142 dx> Gol1 2> Con 2,

ie., (logm)~*+3/2+D > ¢ which is absurd.

SECTION 3

The aim of this part is to examine the restricted weak behaviour of
the nth partial sum of the Fourier-Jacobi expansion. Assume that
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w(x)=(1—x)*(1+x)? with a>p> —1/2 and a > — 1/2, and so the inter-
val of mean convergence turns out to be 4{an+1)/(2e+3j<p<
4(oa+1)/(20+1). We need some notations to establish our result. The
Lebesgue measure of any set Ec(— 1, 1) will be denoted {E|, and X (x)
will as usual denote the characteristic function of the set E. The reader is
refered to {87 or [22] for notations and results about Lorentz spaces.

THEOREM 3. Let p=4(a+1)/(2a+1) or p=4(a+1)/(2u+3). Then
there exists a constant C, independent of n and E<=(—1, 1), such that

J w(x)dx<Cy=? J w(x) dx.
|Sn(RE, x)| > y E

Proof. By standard duality arguments it is enough to prove this for
p=4(ax+1)/(2e+1). Since = — 1/2, we have estimates analogous to {2.6)
and (2.7) in the interval (—1, 0),

| Pal)| S C(1—x%) " P w(x) 12,
l9,(x)| S C1=x*) " w(x)"12 xe(=11). (3.1)

We proceed as in Section 2 by making the same decomposition for the
kernel in S, (R, x). We can see that W, and W, are weakly bounded.
Therefore we only need to prove that

J w(x) dngy"’J w(x) dx
L 1RE() Tatn x, ) wie) di| > p £

for every measurable set E< (— 1, 1). By (3.1},

Ul R (1) To(n, x, 1) w(7) dt
SC(L—x*) " w(x) 72 [HR g (1) g1 (1) (1 = 12) w(2), x)].
Therefore, if we denote

U= U(E, y, n)
= {xe(=1L1):(1—x>)""
xw(x) 2 [H® (1) g, 1) (1= 22) w(2), ¥)| > y}

it suffices to prove

y” fu w(x) dx<C L wix) dx.
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We can write a similar proof to that of [5]. Decompose E=FE, U E,,
E,=En[0,1), E,=En(—1,0), and let U;=U(E,y,n), U,=
U(E,, y,n), Since in |x| <3/4 both (1—x) and (1 +x) have lower and
upper positive bounds and since the Hilbert transform is a bounded
operator in L#(dx), 1< p<oo (M. Riesz’s Theorem [20]), the following
inequality holds:

Pj w(x) dx < cj w(x) dx.
Un {jx| <3/4} E

Hence, we must show that

w(x) dx < C f w(x)dx, i=1,2. (32)

P
fU;m{3/4<|x|<l}
We only prove (3.2) for i=1 since the estimates for i=2 are made in
similar way. We begin considering xe(—1, —3/4). As E, < [0, 1], the
term (x—f)~! in the Hilbert transform can be dropped. By using (3.1) and

Holder’s inequality for p=4(a+ 1)/(2a+ 1) and g=4(a + 1)/(2a+ 3), we
easily get

1/p
HO02,-(0) (L= Py wio) 0l < ([ wio)
Then, if « = f, by using (3.1) again, we have

"f w(x) dstyl’f (14 x)*dx,
Un{—1<x< —3/4} B

where B is the set
1/p
{xe(—l, —3/4):0(1+x)-“/21/4<f w(?) dz) >y}.
Ey
Then

w(x) deCf w(x) dx

g
Un{—1l<x< —3/4}

is obtained straightforwardly.

The previous inequality is also true when f<a and it can be easily
shown, taking into account that the weak norm is smaller than the strong
norm.
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Consequently (3.2) will be proved if we show

w(x) dx < Cf wi{x) dx. (3.3

pJum{3/4<x<1}

Let us define the sets
A=U;n{3/4<x<1},
Ii={xe(0,1):27% <1 —x<27%},
Ay=Anl, k=2

We have
= A, A d;=BVk#j, U =(3/4, 1).

Let us also set for k=2
EO=E n[0,1-2F+1)
ER=En[1-2"%F1-27%2
ERX=E n[1—-27%21).

For every k>2, E{®) (m=1, 2, 3) are non-intersecting sets whose union is
E,. If we denote by R® the characteristic function of the set E!¥)
(m=1,2,3 kz=2), then

Ry, =R+ RELRP k=2
Again for k=2 and m=1,2, 3, let
A= {xel | (1=x7) " M w(x) P HR (1) g, () (1= 1*)w(2), x)] > y/3}.
Since 4, c APV U AP U AP, then
ac] G uproap o] § ap]
k=2 k=2

Therefore, in order to prove (3.3), it is enough to show that

P dx<C d 34
JUiiz(Ai”u o w(x) L w(x) dx (3.4)

and

e}

T j L wx)dx<C JrE w(x) dx. (3.5)

k=2 Ay
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We start with A{". Since xel, and teE®, then 1—t>x—1>
2711 —¢). By using this, (3.1), and (x + 1)/g — (2a + 3)/4 <0, we obtain

[(1=x*)" Y w(x) 2 HRE(1) g, () (1= 22) w(2), x)]

1
<C(1—x) 214 [ REe) (1= 1) 2= w(r) de
1

1
<C(1—x)—(a+1>/f’f RO(r) (1— 1)~ @+ % (1) dr.
1

By Holder’s inequality for Lorentz spaces we have
1
f RE(1) (1 — 1)~ @4 (s) de
—1

= IX{(r) (1 - 1)7(“+1)/q“(1, 1w
< C“N(lk)(t)“(p,l),w “(1 _t)_(a+1)/qll(q,oo),w’
Also

Hx(lk)(t)“ {(p, 1w < Cux(lk)(t)“ zkp, 1),w

=C OEE’? w(x) dx) v <C (JE w(x) dx)

1/p

Finally, we get

B —0) ey =sup 7 | w(t)de < oo,

y>0 (1 — )~ e+ sy
Using (3.6), (3.7), (3.8), and (3.9) in turn we obtain for xe A"

[(1—=x*) " w(x) 2 HR(E) g, 1(1) (1= 1%) w(t), x)|

1/p
<C(1—x)~ @+ (j w(x) dx) .

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

This argument can be made analogously for 4’ (k>2) and we have the

same estimates. Thus

1/p
A,((”uAf)C{xe(O, 1):C(1 —x)~ e+ (J w(x) dx) >y},
E

and as the same is true for (J°_ ,(4" U AP), (3.4) follows.
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Let us see now what happens to 4%, k> 2. As xe I, we can remove the
term (1 +x) %2~ and so

AP c{x27F Tl —x <275 wx)~ 7

X |H(RE(1) g, (1) (1= £2) w(1), x)| > C27 K2+ VD +2kipy ),

Then, by using (3.1) and M. Riesz’s Theorem and the location of £, we
obtain

y”f o w(x) dx < CJ . w(x) dx.
Ag £}

As x may belong to at most three intervals of the form {1—2%¥!g
x<1—27%"?} and the A{? are non-overlapping intervals, we have

prUao e w(x) dx=y? Z J(z) (x) dx

<C Z J wi(x)dx < wa(x)dx,

E12
and the theorem is shown.

Remarks. (1) As the referee has pointed out to us, recently L. Colzani,
S. Giulini, and G. Travaglini [25] have considered weak type boundedness
of polyhedral partial sum operators on certain .compact Lie groups,
proving that weak type fails in the lower endpoint. As a consequence,
results for some Jacobi-Fourier series can be obtained from their work.

{2) We also have a proof of Theorem 3 when either o« or f is less
than .— 1/2. It can be done by modifying the proof slightly and using non-
uniform estimates of Jacobi polynomials (see [11]).
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